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Abstract
We study the autonomous system for a scalar-tensor model of dark energy
with Gauss-Bonnet and non-minimal couplings. The critical points describe
important stable asymptotic scenarios including quintessence, phantom and de
Sitter attractor solutions. Two functional forms for the coupling functions and
the scalar potential were considered: power-law and exponential functions of the
scalar field. For the exponential functions the existence of stable quintessence,
phantom or de Sitter solutions, allows an asymptotic behavior where the effec-
tive Newtonian coupling becomes constant. The phantom solutions could be
realized without appealing to ghost degrees of freedom. Transient inflationary
and radiation dominated phases can also be described.
PACS numbers 98.80.-k, 95.36.+x, 04.50.Kd
1 Introduction
The explanation of the late time accelerated expansion of the universe, confirmed
by different observations [1], [2], [3], [4], [5], [6], [7], [8] represents one of the most
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important challenges of the modern cosmology. The current observational evidence
for dark energy remains consistent with the simplest model of the cosmological con-
stant, but there is no explanation to its smallness compared with the expected value
as the vacuum energy in particle physics [9], [10], [11]. In addition, according to
the analysis of the observational data, the equation of state parameter w of the dark
energy (DE) lies in a narrow region around the phantom divide (w = −1) and could
even be below −1. All this motivates the study of alternative theoretical models,
that give a dynamical nature to DE, ranging from a variety of scalar fields of different
nature [12]-[26] to modifications of general relativity that introduce large length scale
corrections explaining the late time behavior of the Universe [27]-[33] (see [34]-[37]
for review).
The low-energy limit of fundamental physical theories like the string theory constitute
an important source of physical models to address the dark energy problem. These
string inspired models usually contain higher-curvature corrections to the scalar cur-
vature term and direct couplings of the scalar fields to curvature [38], [39]. The
couplings of scalar field to curvature also appear in the process of quantization on
curved space time [40, 41] and after compactification of higher dimensional gravity
theories [42]. These couplings provide in principle a mechanism to evade the coin-
cidence problem, allowing (in some cases) the crossing of the phantom barrier [15],
[16], [43], [44]. A representative model of this type of theories, subject of study in
the present work, is the one that contains non minimal coupling to curvature and
to the Gauss Bonnet (GB) invariant. The GB term is topologically invariant in four
dimensions, but nevertheless it affects the cosmological dynamics when it is coupled
to a dynamically evolving scalar field through arbitrary function of the field. In ad-
dition, this coupling has the well-known advantage of giving second order differential
equations, preserving the theory ghost free. The role of the non-minimal coupling in
the DE problem has been studied in different works, including the constraint on the
coupling by solar system experiments [12], the existence and stability of cosmological
scaling solutions [13, 14], perturbative aspects and incidence on CMB [45, 46], tracker
solutions [47], observational constraints and reconstruction [15, 16, 48] the coincidence
problem [49], super acceleration and phantom behavior [50]-[54], asymptotic de Sitter
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attractors [55] and a dynamical system analysis [56]. On the other hand, the GB in-
variant coupled to scalar field has been proposed to address the dark energy problem
in [57], where it was found that quintessence or phantom phase may occur in the late
time universe. Different aspects of accelerating cosmologies with GB correction have
been also discussed in [58], [59], [60], [18], [61], and a modified GB theory applied
to dark energy have been suggested in [62]. For a model with kinetic and GB cou-
plings [63], solutions with Big Rip and Little Rip singularities have been found, and
in [64] the reconstruction of different cosmological scenarios, including known phe-
nomenological models has been studied. In [65] a model with non-minimal coupling
to curvature and GB coupling was considered to study dark energy solutions, where
a detailed reconstruction procedure was studied for any given cosmological scenario.
In absence of potential exact cosmological solutions were found, that give equations
of state of dark energy consistent with current observational constraints.
Despite the lack of sufficient astrophysical data to opt for one or another model, it
is interesting to consider scalar tensor couplings to study late time Universe since it
could provide clues about how fundamental theories at high energies manifest at cos-
mological scales. The different studies of accelerating cosmologies with GB correction
demonstrate that it is quite plausible that the scalar-tensor couplings predicted by
fundamental theories may become important at current, low-curvature universe.
In the present paper we study the late time cosmological dynamics for the scalar-
tensor model with non-minimal and Gauss-Bonnet couplings. To this end, and due
to the non-linear character of the cosmological equations, we consider the autonomous
system and analyze the cosmological implications derived from the different critical
points. The paper is organized as follows. In section II we introduce the model and
give the general equations, which are then expanded on the FRW metric. In section
III we introduce the dynamical variables, solve the equations for the critical points
and give an analysis of the different critical points. In section IV we give a summary
and discussion.
3
2 The action and field equations
The action for the scalar field with non-minimal coupling of the scalar field to curva-
ture and the coupling of the scalar field to the Gauss-Bonnet invariant, including also
the matter content, is given by the equation (2.1) below. The non-linear character of
the cosmological equations makes the integration of the same ones very difficult for
a given set of initial conditions. Nevertheless the autonomous system for this model
allows to study some interesting scaling solutions and the cosmological implications
coming out from the different critical points.
Sφ =
∫
d4x
√−g
[
1
2
F (φ)R− 1
2
∂µφ∂
µφ
−V (φ)− η(φ)G + Lm
]
, (2.1)
where
F (φ) =
1
κ2
− h(φ), (2.2)
G is the Gauss-Bonnet invariant
G = R2 − 4RµνRµν +RµνλρRµνλρ, (2.3)
κ2 = 8piG, Lm is the Lagrangian for perfect fluid with energy density ρm and pressure
Pm, h(φ) and η(φ) are the non-minimal coupling and Gauss-Bonnet coupling functions
respectively. Note that the coefficient of the scalar curvature R can be associated with
an effective Newtonian coupling as κ2eff = F (φ)
−1. We will consider the spatially-flat
Friedmann-Robertson-Walker (FRW) metric.
ds2 = −dt2 + a(t)2
3∑
i=1
(dxi)
2 (2.4)
The cosmological equations with Hubble parameter H = a˙/a can be written in the
form
3H2(F − 8η˙H) = 1
2
φ˙2 + V − 3HF˙ + ρm (2.5)
2H˙(F − 8η˙H) = −φ˙2 − F¨ +HF˙ + 8H2η¨ − 8H3η˙ − (1 + wm)ρm (2.6)
4
φ¨+ 3Hφ˙+
dV
dφ
− 3(2H2 + H˙)dF
dφ
+ 24H2(H2 + H˙)
dη
dφ
= 0 (2.7)
˙ρm + 3H (ρm + pm) . (2.8)
This last equation is the equation for the perfect fluid that we use to model the matter
Lagrangian. Here the pressure pm = wmρm, where wm is the constant equation of
state (EoS) for the matter component. The Eq. (2.5) can be rewritten as
1− 8Hη˙
F
=
φ˙2
6H2F
+
V
3H2F
− F˙
HF
+
ρm
3H2F
(2.9)
which allows us to define the following dynamical variables
x =
φ˙2
6H2F
, y =
V
3H2F
, f =
F˙
HF
g =
8Hη˙
F
, Ωm =
ρm
3H2F
,  =
H˙
H2
(2.10)
In terms of the variables (2.10) the Friedmann equation (2.5) becomes the restriction
1 = x+ y − f + g + Ωm (2.11)
Note that due to the interaction term in the denominator, the density parameters
Ωm and Ωφ should be interpreted as effective density parameters, where we define
Ωφ = x+ y − f + g. Using the slow-roll variable N = ln a and taking the derivatives
with respect to N one finds
f ′ =
1
H
df
dt
=
1
H
[
F¨
HF
− F˙ H˙
H2F
− F˙
2
HF 2
]
=
F¨
H2F
− f− f 2 (2.12)
g′ =
1
H
[
8H˙η˙
F
+
8Hη¨
F
− 8HF˙ η˙
F 2
]
=
8η¨
F
+ g− gf (2.13)
where ” ′ ” means the derivative with respect to N . From the Eq. (2.6) and using
(2.12) and (2.13) follows
2(1− g) = −6x− (f ′ + f+ f 2) + f + (g′ − g+ gf)− g − 3(1 + wm)Ωm (2.14)
Note that the matter density parameter Ωm can be replaced from the Eq. (2.11) into
Eq. (2.14), giving the equation
2(1−g) = −6x−(f ′+f+f 2)+f+(g′−g+gf)−g−3(1+wm)(1−x−y+f−g) (2.15)
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For the variables x and y it follows
x′ =
1
H
[
φ˙φ¨
3H2F
− H˙φ˙
2
3H3F
− φ˙
2F˙
6H2F 2
]
=
φ˙φ¨
3H3F
− 2x− xf (2.16)
y′ =
1
H
[
V˙
3H2F
− 2V H˙
3H3F
− V F˙
3H2F 2
]
=
V˙
3H3F
− 2y− yf (2.17)
Multiplying the equation of motion (2.7) by φ˙ and using the product φ˙φ¨ from (2.16)
one finds
x′ + 2x+ xf + 6x+ y′ + 2y+ yf − f(2 + ) + g(1 + ) = 0 (2.18)
In order to deal with the derivative of the potential and to complete the autonomous
system we define the three parameters b, c and d as follows
b =
1
dF/dφ
d2F
dφ2
φ, c =
1
V
dV
dφ
φ, d =
1
dη/dφ
d2η
dφ2
φ (2.19)
These parameters are related to the potential and the couplings, characterizing the
main properties of the model. In what follows we restrict the model to the case when
the parameters b, c and d are constant, which imply restrictions on the functional
form of the couplings and potential. Additionally, we introduce the new dynamical
variable Γ:
Γ =
1
F
dF
dφ
φ (2.20)
using the constant parameters b, c, d and the variable Γ, the dynamical equations for
the variables y, f, g,Γ can be reduced to
y′ =
c
Γ
fy − 2y− yf (2.21)
f ′ =
b
Γ
f 2 +
1
2
f
x′
x
− 1
2
f 2 (2.22)
g′ = 2g +
d
Γ
gf +
1
2
g
x′
x
− 1
2
gf (2.23)
Γ′ = bf + f − Γf. (2.24)
The equations (2.15) and (2.18) together with the equations (2.21)-(2.24) form the
autonomous system. Here we took into account that, after using the restriction (2.11),
the Eq. (2.14) takes the form of Eq. (2.15).
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3 The critical points
The explicit expressions for x′, y′, f ′, g′,Γ′ and  are found by solving the simultaneous
system of equations (2.15), (2.18), (2.21)-(2.24), and are given by
x′ =− 1
D
[
x(2f(bf(f − g − 2x) + dg(−f + g + 2x) + c(2 + f − 3g)y)+
Γ(f 3 − 2f 2(g − 3w) + 2(g2(−1 + 3w) + 6x(1− x+ y + w(−1 + x+ y))+
g(−1− 17x+ 3y + 3w(−1 + 3x+ y))) + f(g2 − 2g(−3 + 6w + 2x)−
2(1− 7x+ 3y + 3w(−1 + 3x+ y)))))
]
,
(3.1)
y′ =
1
D
[
y(f(4(bf − dg)x+ c(f 2 + g2 + 4x− 4gx+ 2gy − 2f(g + y)))−
Γ(f 3 − 2f 2(2 + g) + f(g2 + g(6− 4x) + 4(2− 3w)x)−
2(g2 + g(2− 6w)x+ 6x(1 + x− y − w(−1 + x+ y)))))
]
,
(3.2)
f ′ =− 1
D
[
f(f(dg(−f + g + 2x) + b(−g2 + f(g − 2x)− 4x+ 4gx)+
c(2 + f − 3g)y) + Γ(f 3 + g2(−1 + 3w) + f 2(−2g + 3w)+
6x(1− x+ y + w(−1 + x+ y)) + f(−1 + g2 + g(3− 6w − 4x) + 9x− 3y−
3w(−1 + 3x+ y)) + g(−1− 17x+ 3y + 3w(−1 + 3x+ y))))
]
,
(3.3)
g′ =− 1
D
[
g(f(bf(f − g + 2x) + d(−f 2 + fg + 2(−2 + g)x)−
c(−2 + f + g)y) + Γ(f 3 + g2(1 + 3w) + f 2(4− 2g + 3w)−
g(1 + 13x+ 3w(1 + x− y)− 3y) + f(−1 + g2 + 5x− g(3 + 6w + 4x)+
3w(1 + x− y)− 3y)− 6x(−3− x+ y + w(−1 + x+ y))))
]
,
(3.4)
Γ′ = (1− Γ + b) f, (3.5)
 =
1
D
[
f (−2bfx+ 2dgx+ c(f − g)y)− Γ(2f 2 + g2 + g(2− 6w)x+
f(−3g − 2x+ 6wx) + 6x(1 + x− y − w(−1 + x+ y)))
]
,
(3.6)
where
D = Γ
(
f 2 − 2fg + g2 + 4x− 4gx) .
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The equation for  gives the effective equation of state as weff = −1− 2/3. In order
to solve this system we need to specify the model, and what we will do is to impose
restrictions on the parameters b, c and d in the following two cases.
1. Power-law couplings and potential
It is necessary to annotate that the high dimensionality of the phase space prevents an
effective graphical description of the phase space, and therefore we will limit ourselves
to give analytical considerations, and to illustrate some results in two dimensional
projections. From (2.19) and taking into account that the parameters b, c and d are
constants, we find the power-law behavior
h(φ) ∝ φb+1, V (φ) ∝ φc, η(φ) ∝ φd+1 (3.7)
where we used F (φ) = 1/κ2 − h(φ) and b, c and d are in general real numbers, but
we restrict them to integers. In fact the restrictions (2.19) were considered keeping in
mind the power-law behavior for the couplings and potential (see [56]). The critical
points for the system satisfying the equations x′ = 0, y′ = 0, f ′ = 0, g′ = 0,Γ′ = 0
are listed below, where the stability of the fixed points is determined by evaluating
the eigenvalues of the Hessian matrix associated with the system. After solving the
equations for the critical points we find.
A1: (x, y, f, g,Γ) = (1, 0, 0, 0, 1+ b). This point is dominated by the kinetic energy of
the scalar field, where weff = 1, Ωφ = 1 and Ωm = 0. This is unstable critical point
with eigenvalues [−6, 6, 0, 0, 3(1− wm)].
A2: (x, y, f, g) = (0, 0, 0, 1). This point is dominated by the Gauss-Bonnet cou-
pling with Ωφ = 1, and the corresponding effective EoS, weff = −1/3, lies in the
deceleration-acceleration divide. The eigenvalues are [4, 2, 2, 0,−1− 3wm] and the
point is saddle (we assume 0 ≤ wm ≤ 1).
A3: (x, y, f, g,Γ) = (−1/5, 0, 0, 6/5, 1 + b). This fixed point is dominated by the
scalar field (Ωφ = 1) and is a de Sitter solution with weff = −1. The negative sign of
x indicates phantom behavior and the eigenvalues [0, 0, 0,−3,−3(1 + wm)] indicate
that at least the point is saddle. The three zero eigenvalues make difficult to analyze
the stability, but since the rest of the eigenvalues are negative, we can say that the
stability is marginal. This solution could correspond to an unstable inflationary phase
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which evolves towards a matter or dark energy dominated phase.
A4: (x, y, f, g,Γ) = (0, 0,−1, 0, 1+b). The eigenvalues are [−1+b
1+b
, 1, 5+5b−c
1+b
, −4−3b−d
1+b
, 2−
3wm]. This point is controlled by the non-minimal coupling (Ωφ = 1) and gives a so-
lution that leads to an equation of state corresponding to radiation weff = 1/3.
At this critical point the potential and the GB coupling disappear, and is a saddle
point depending on the values of the parameters b, c, d and wm. Thus for instance, if
−1 < b < 1, c > 5(1 + b), d > −4 − 3b and w > 2/3 all the eigenvalues except one
are negative. For background radiation (wm = 1/3) or dust matter (wm = 0) three of
the eigenvalues might take negative values. In the case of background matter given
by radiation, this critical point presents a scaling behavior. At this point, despite the
presence of the background matter in form of radiation or dust, the universe becomes
radiation dominated, but due to the saddle character, this point could represent a
transient phase of radiation dominated universe.
A5: (x, y, f, g,Γ) = (0, 5+5b−c
1+b+c
, 4+4b−2c
1+b+c
, 0, 1 + b). This critical point is dominated by
the potential and the non-minimal coupling with
weff = −1 + 2(1 + b− c)(2 + 2b− c)
3(1 + b)(1 + b+ c)
, (3.8)
and Ωφ = 1. The effective EoS describes different regimes depending on the values of
b, c, d. Note that for the scalar field dominated universe the effective EoS weff and
the dark energy EoS wDE take the same value. The eigenvalues are given by[
− 2(−1 + b)(2 + 2b− c)
(1 + b)(1 + b+ c)
,
−4− 4b+ 2c
1 + b+ c
,
−5− 5b+ c
1 + b
,−2(2 + 2b− c)(1 + 2b− c− d)
(1 + b)(1 + b+ c)
,
− 3 + 3b
2 + 7c− 2c2 + b(6 + 7c) + 3wm(1 + c+ b2 + 2b+ bc)
(1 + b)(1 + b+ c)
]
.
In the case c = 1+b we obtain the de Sitter solution with weff = −1, with eigenvalues
given by [
1− b
1 + b
,−1,−4, −b+ d
1 + b
,−4− 3wm
]
.
This solution is a stable fixed point for any type of matter with 0 ≤ wm ≤ 1,
whenever b > 1 and d < b or b < −1 and d > b. The de Sitter solution for
the quadratic potential, corresponding to c = 2 (V ∝ φ2) (b = 1, h ∝ φ2), has
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eigenvalues [0,−1,−4, 1
2
(−1+d),−4−3wm] and is marginally stable since four eigen-
values are negative (whenever d < 1) and there is only one zero eigenvalue, but
numerical study shows that the point is an attractor as can be seen in Fig. 1.
The Higgs-type potential (V ∝ φ4) is obtained for c = 4 (b = 3, h ∝ φ4) and
leads to de Sitter stable solution whenever d < 3. The cubic non-minimal cou-
pling, h ∝ φ3, and cubic potential V ∝ φ3, also give stable de Sitter solution with
eigenvalues [−(1/3),−1,−4, 1/3(−2 + d),−4], for any d < 2. The de Sitter solu-
tion can also be obtained for c = 2 + 2b with the eigenvalues [0, 0,−3, 0,−3(1 + w)],
which include the standard non-minimal coupling (b = 1, h ∝ φ2) and the Higgs-
type potential V ∝ φ4. In this case the point is at least a saddle point, but it
is difficult to analyze the stability because of the the three zero eigenvalues. In
Figs. 1 and 2 we show the behavior of some trajectories around the point A5 for
b = 1, c = 2 and b = 1, c = 4 respectively. We can also consider values in a re-
gion around weff = −1, which are consistent with observations. Thus, the values
b = 4, c = 4, give weff ≈ −0.91 and the critical point (0, 7/3, 4/3, 0, 5) is stable with
eigenvalues [−4/5,−4/3,−21/5,−16/15,−61/15] (taking d = 1, η ∝ φ2). The critical
point (0, 11/7, 4/7, 0, 3) with eigenvalues [−4/21,−4/7,−11/3,−4/21,−79/21], cor-
responding to b = 2, c = 4, gives stable phantom solution with weff ≈ −1.06 (taking
d = 0, η ∝ φ). In fact the general conditions for the existence of stable quintessence
fixed point, assuming 0 ≤ wm ≤ 1, are b < −1, 1 + b < c < (3 −
√
10)(1 + b) and
d > 1 + 2b − c or b > 1, (3 − √10)(1 + b) < c < 1 + b and d < 1 + 2b − c, and
the general conditions for the existence of stable phantom fixed point are b < −1,
2 + 2b < c < 1 + b and d > 1 + 2b− c or b > 1, 1 + b < c < 2 + 2b and d < 1 + 2b− c,
for wm in the interval 0 ≤ wm ≤ 1. This point has all the necessary properties for
the description of late time cosmological scenarios.
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A4
A7
A8
A5
0.0 0.5 1.0 1.5 2.0 2.5
-3
-2
-1
0
1
y
f
b = 1, c = 2
Fig. 1 The projection of the phase portrait of the model on the yf -plane for the
standard non-minimal coupling h ∝ φ2 and the quadratic potential V ∝ φ2 (b = 1,
c = 2), taking wm = 0. The graphic shows that the de Sitter solution for the point
A5 behaves as an attractor on the yf -plane, the point A4 (radiation dominated
universe with Ωφ = 1) is unstable on this plane and A7 (which is not physical in this
case since Ωm = 2) behaves as saddle. The only negative eigenvalue of A4 is located
on the g-axis. The de Sitter solution for the point A5 in the case b > 1 and d < b is
an attractor and could correspond to a final stage of vacuum dominated universe.
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f
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Fig. 2 The projection of the phase portrait of the model on the yf -plane for the
standard non-minimal coupling h ∝ φ2 and the Higgs-type potential V ∝ φ4 (b = 1,
c = 4), with wm = 0. The de Sitter solution for the point A5 also shows an
attractor character on the plane yf . The points A4 and A7 present a behavior
similar to the case c = 2.
A6: (x, y, f, g,Γ) = (0, 0, 2(1+b)
2+b+d
, 4+3b+d
2+b+d
, 1 + b). This critical point is dominated by the
non-minimal and GB couplings, with Ωφ = 1 and the effective EoS given by
weff = −1− 2(b− d)
3(2 + b+ d)
. (3.9)
This equation gives the three possible accelerating regimes for the late time Universe:
quintessence phase with weff > −1 for d > b, de Sitter Universe with weff = −1 for
b = d and the phantom phase with weff < −1 for d < b. The stability properties of
this point can be deduced from the corresponding eigenvalues given by[ 2(1− b)
2 + b+ d
,− 2(1 + b)
2 + b+ d
,−2(1 + 2b− c− d
2 + b+ d
,−2(4 + 3b+ d)
2 + b+ d
,
− 8 + 7b+ d+ 3wm(2 + b+ d)
2 + b+ d
]
.
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The eigenvalues for the de Sitter solution, which is obtained for d = b, reduce to[
1− b
1 + b
,−1,−1 + b− c
1 + b
,−4,−4− 3wm
]
,
indicating that the de Sitter fixed point is an attractor whenever b > 1 and c < 1 + b,
or b < −1 and c > 1 + b, for any type of matter with 0 ≤ wm ≤ 1. This includes
constant potential V = cons. (c = 0), quadratic potential V ∝ φ2 (c = 2) and
fourth order potential V ∝ φ4 (c = 4). The case b = 1, which leads to the stan-
dard φ2 non-minimal coupling, is a marginally stable fixed point with eigenvalues
[0,−1,−1 + c/2,−4,−4 − 3wm]. In Fig. 3 we illustrate the behavior of the system
around the point A6 for the de Sitter solution with non-minimal coupling h ∝ φ2 and
the GB coupling η ∝ φ2. To analyze the properties of stability of the quintessence
or phantom fixed points we consider the matter EoS in the interval 0 ≤ wm ≤ 1.
In this case, the condition of stability for the fixed point in the quintessence phase
reduces to b < −1, c > 1 + b and 1 + 2b − c < d ≤ b or b > 1, c < 1 + b and
b ≤ d < 1 + 2b− c, and any phantom fixed point is stable if one of the following sets
of inequalities: b < −1, 3(1 + b) < c ≤ 1 + b and 1 + 2b− c < d < −2− b or b < −1,
c > 1 + b and b ≤ d < −2 − b or b > 1, c < 1 + b and −2 − b < d ≤ b or b > 1,
1 + b ≤ c < 3(1 + b) and −2− b < d < 1 + 2b− c is satisfied. Thus for instance, the
values b = 3, d = 2 give the phantom fixed point with weff ≈ −1.095 and the cor-
responding eigenvalue [−4/7,−8/7,−2(5 − c)/7,−30/7,−31/7], indicating that the
stability depends on the potential and the solution is stable for V ∝ φc, c = 0, 1, ..., 4.
A quintessence fixed point with weff ≈ −0.93 is obtained for b = 3 and d = 4, with
eigenvalues [−4/9,−8/9,−2(3 − c)/9,−34/9,−11/3]. Particularly, the cosmological
constant (c = 0) and the quadratic potential (c = 2) give quintessence attractor.
13
A4
A2
A7
A9
A6
-3 -2 -1 0 1
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f
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Fig. 3 The projection of the phase portrait of the model on the fg-plane for the
standard non-minimal coupling h ∝ φ2 and the GB coupling η ∝ φ2 (b = 1, d = 1),
with wm = 0. The point A2 is unstable on this plane and corresponds to the
transition between decelerated and accelerated regimes. The de Sitter solution for the
point A5 is stable on this plane, and in the case b > 1 and c < 1 + b, is an attractor
that could describe the final stage of vacuum dominated universe.
A7: (x, y, f, g,Γ) = (0, 0, 1− 3wm, 0, 1 + b) with eigenvalues[(−1 + b)(−1 + 3wm)
1 + b
,−1 + 3wm,−2 + 3wm, 3 + c+ 3wm(1− c) + 3b(1 + wm)
1 + b
,
6− 5b− 30wm + 3bwm
1 + b
]
.
To this fixed point the matter and the non-minimal coupling contribute giving weff =
1/3 with Ωφ = −1+3wm and Ωm = 2−3wm. The positivity of the density parameters
Ωm and Ωφ impose the restriction 1/3 ≤ wm ≤ 2/3, which excludes the pressureless
dust matter. If the background matter consists of radiation (wm = 1/3), then the
fixed point becomes a scaling solution and the universe becomes radiation-dominated
with Ωφ = 0 and Ωm = 1. At this saddle point with eigenvalues [0, 0,−1, 4,−4],
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which do not depend on b, the system can reach the conformal invariance and can be
considered as a transient phase of radiation dominated universe.
A8: (x, y, f, g,Γ) =
(
0, (1+b)(3+c+3wm(1−c)+3b(1+wm))
2c2
,−3(1+b)(1+wm)
c
, 0, 1 + b
)
. The scalar
field density parameter is Ωφ =
(1+b)(3+7c+3wm(1+c)+3b(1+wm)
2c2
and the EoS is weff =
−1 − (1+b−c)(1+wm)
c
which gives de Sitter solution for c = 1 + b with eigenvalues
[3(−1+b)(1+wm)
1+b
, 3(1 + wm),
3(b−d)(1+wm)
1+b
,−4, 4 + 3wm], showing that this is a saddle
point with at least two positive eigenvalues. Though this point has quintessence
( for c > 1 + b) and phantom (for for c < 1 + b) solutions, it was found that there
are not integer values for the parameters that simultaneously satisfy the restriction
0 ≤ Ωφ ≤ 1 and give adequate values to weff (i.e. weff is out of the region of physical
interest) for 0 ≤ wm ≤ 1.
A9: (x, y, f, g,Γ) =
(
0, 0,−3(1+b)(1+3wm)
1+2b−d ,−3(1+b)(1+wm)(−4+d(1−3wm)+b(−5+3wm))(1+2b−d)(−2+b(−1+3wm)−d(1+3wm)) , 1 + b
)
.
The density parameter of the scalar field is Ωφ =
6(1+b)(1+wm)
−2+b(−1+3wm)−d(1+3wm) and the cor-
responding effective EoS is weff = −1 + (b−d)(1+wm)1+2b−d , which leads to de Sitter with
eigenvalues [3(−1+b)(1+wm)
1+b
, 3(1 + wm),
3(1+b−c)(1+wm)
1+b
, 4 + 3wm,−4], showing that this
point is saddle, but this point is not physical since Ωφ takes negative values for
0 ≤ wm ≤ 1. As in the previous point, the conditions 0 ≤ Ωφ ≤ 1 and physically
meaningful values of weff can not be reached simultaneously with adequate integer
values of the parameters.
2. Exponential function for couplings and potential
In this case we introduce the following restrictions on the couplings and potential by
defining the constant parameters b, c, and d as
b =
1
dF/dφ
d2F
dφ2
, c =
1
V
dV
dφ
, d =
1
dη/dφ
d2η
dφ2
. (3.10)
And the new dynamical variable Γ is defined now as
Γ =
1
F
dF
dφ
(3.11)
Integrating the equations (3.10) with respect to the scalar field, one finds
h(φ) ∝ ebφ, V (φ) ∝ ecφ, η(φ) ∝ edφ (3.12)
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where b, c and d are real numbers. The only equation of the autonomous system
(3.8)-(3.5) that changes is the one related with the variable Γ which reduces to
Γ′ = (−Γ + b) f. (3.13)
The critical points of the system that are given by B1= (1, 0, 0, 0, b), B2=(0, 0, 0, 1),
B3=(−1/5, 0, 0, 6/5, b) and B4=(0, 0,−1, 0, b), have the same stability properties and
lead to the same weff and Ωφ as the points A1, A2, A3 and A4 respectively. Other
critical points are the following.
B5: (x, y, f, g,Γ) = (0, 5b−c
b+c
, 4b−2c
b+c
, 0, b). This fixed point is dominated by the scalar
field, specifically by the potential and non-minimal coupling, with Ωφ = 1, leading to
the effective EoS
weff = −1 + 2(b− c)(2b− c)
3b(b+ c)
(3.14)
with eigenvalues[
− 2(2b− c)
b+ c
,−2(2b− c)
b+ c
,−10b
2 − 7bc+ c2
b(2b− c) ,−
2(2b− c)(2b− c− d)
b(b+ c)
,
−6b4 − 17b3c+ 9bc3 − 2c4 − 6b4wm − 9b3cwm + 3bc3wm
b(2b− c)(b+ c)2
]
The scaling solution with weff = wm, from to the Eq. (3.14), takes place if
c =
1
4
(
9b+ 3bwm − b
√
73 + 78wm + 9w2m
)
(3.15)
replacing this restriction for c in the eigenvalues we find that the scaling solution
corresponding to this critical point is stable for 0 ≤ wm ≤ 1 if the following conditions
are satisfied: b < 0 and d > 1
4
(−b− 3bwm −
√
73b2 + 78b2wm + 9b2w2m) or b > 0 and
d < 1
4
(−b− 3bwm +
√
73b2 + 78b2wm + 9b2w2m). So, if we define the potential so that
the potential parameter c depends on the non-minimal coupling parameter b and wm
as given by the equation (3.15), then the critical point is a scaling attractor if the
above inequalities are satisfied. This result provides a cosmological scenario where
the energy density of the scalar field behaves similarly to the background fluid in
either the radiation or matter era, but with the dominance of the scalar field.
According to the equation (3.14) the de Sitter solution takes place for c = b and
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c = 2b. In the case c = b the eigenvalues reduce to [−1,−1,−4,−1 + d
b
,−4 − 3w],
indicating that the de Sitter solution is a stable node (attractor) for any type of
matter with 0 ≤ wm ≤ 1 and for d < b, and is a saddle point if d > b. As follows from
the expression for the eigenvalues, the case c = 2b leads to zero and indeterminate
eigenvalues and therefore can not be considered. On the other hand, the quintessence
behavior (weff > −1) takes place for the restriction 2(b−c)(2b−c)3b(b+c) > 0. To analyze the
stability in this case, we limit ourselves to the relevant interval 0 ≤ wm ≤ 1, and
them according to the expression for the eigenvalues, the quintessence fixed point is
an attractor if the inequalities b < 0, b ≤ c ≤ (3 + √10)b and d > 2b − c or b > 0,
(3−√10)b ≤ c ≤ b and d < 2b− c, are satisfied. The fixed point describes phantom
phase or super accelerated expansion in the case 2(b−c)(2b−c)
3b(b+c)
< 0. This phase is stable
if the parameters satisfy one of the following sets of inequalities b < 0, 2b < c ≤ b
and d > 2b− c or b > 0, b ≤ c < 2b and d < 2b− c. In the quintessence and phantom
phases the effective EoS weff can be as close to −1 as we need, since the parameters
b, c and d are real numbers. So, this new fixed point is very interesting cosmological
solution since it can account for the accelerating universe.
B6: (x, y, f, g,Γ) = (0, 0, 2b
b+d
, 3b+d
b+d
, b). This fixed point dominated by the scalar field
(non-minimal and GB couplings), with Ωφ = 1, leads to the effective EoS
weff = −1− 2(b− d)
3(b+ d)
(3.16)
with eigenvalues[
− 2b
b+ d
,− 2b
b+ d
,−2(2b− c− d)
b+ d
,−2(3b+ d)
b+ d
,−7b+ d+ 3wm(b+ d)
b+ d
]
.
The scaling behavior (weff = wm) takes place if the GB parameter d is related to the
non-minimal coupling parameter b as follows:
d = −5b+ 3bwm
1 + 3wm
.
Replacing this expression for d one finds the eigenvalues[
1
2
(1 + 3wm),
1
2
(1 + 3wm),
7b− c+ 3wm(3b− c)
2b
,−1 + 3wm, 1
2
(1 + 3wm)
]
,
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which indicates that this critical point, with weff = wm, is unstable or saddle point
for 0 ≤ wm ≤ 1. For d = b the system reaches a de Sitter fixed point. This point is
stable for any wm in the region 0 ≤ wm ≤ 1 and c < b, as follows from the eigenvalues:
[−1,−1,−1 + c
b
,−4,−4− 3wm] (if c > b the point is saddle). The EoS also leads to
quintessence solutions in the case 2(b−d)
3(b+d)
< 0. The quintessence fixed point is stable
(assuming 0 ≤ wm ≤ 1) if one of the two sets of inequalities is satisfied: b < 0, c > b
and 2b − c < d < b or b > 0, c < b and b < d < 2b − c. The phantom phase is also
possible with stable fixed point under one of the following sets of restrictions: b < 0,
3b < c ≤ b and 2b− c < d < −b or b < 0, c > b and b < d < −b or b > 0, c < b and
−b < d < b or b > 0, b ≤ c < 3b and −b < d < 2b − c. As in the point B5, in this
fixed point the effective EoS can be as close to −1 as we want, making of this point
an interesting one for the description of the late time Universe.
B7: (x, y, f, g,Γ) = (0, 0, 1 − 3wm, 0, b). At this fixed point the Universe becomes
dominated by the non-minimal coupling and matter with Ωφ = −1 + 3wm and Ωm =
2 − 3wm which have physical meaning in the region 1/3 ≤ wm ≤ 2/3, excluding the
pressureless dust as background matter. The eigenvalues are given by[
− 1 + 3wm,−1 + 3wm,−2 + 3wm, c(1− 3wm) + 3b(1 + wm)
b
,
d(1− 3wm) + b(−5 + 3wm)
b
]
,
and the effective EoS corresponds to radiation weff = 1/3. If the background matter
is made up of radiation (wm = 1/3), then the fixed point leads to scaling solution and
the universe becomes radiation dominated (Ωm = 1). Concerning the stability, this
point is saddle with eigenvalues [0, 0,−1, 4,−4].
B8: (x, y, f, g,Γ) = (0, b(c−3cwm+3b(1+wm))
2c2
,−3b(1+wm)
c
, 0, b). The effective EoS is given
by weff = −1− (b−c)(1+w)c and the density parameters are Ωm = 2c
2−3b2(1+wm)+bc(7+3wm)
2c2
and Ωφ =
b(3b(1+wm)+c(7+3wm)
2c2
. The de Sitter solution follows for c = b, but the density
parameters are out of the physical range for c = b. In order to find physical solutions,
the density parameters should satisfy the restrictions 0 ≤ Ωm ≤ 1, 0 ≤ Ωφ ≤ 1 for
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wm in the region 0 ≤ wm ≤ 1, but despite the fact that they can be fulfilled, however
the effective EoS falls into regions out of cosmological interest.
B9: (x, y, f, g,Γ) = (0, 0,−3b(1+wm)
2b−d ,−3b(1+wm)(d−3dwm+b(−5+3wm))(2b−d)(b(−1+3wm)−d(1+3wm)) , b). The effective
EoS is weff = −1 + (b−d)(1+wm)2b−d , with density parameters Ωm = 7b+d+3wm(b+d)b+d+3wm(d−b) and
Ωφ = − 6b(1+wm)b+d+3wm(d−b) . As in the previous case, in none of the phases we can obtain all
physically meaningful quantities.
The coordinates of the fixed points allow us to analyze the behavior of the physical
quantities. Thus for instance, evaluating  given in (3.6) at the fixed point A5 one
finds from the last equation in (2.10)
H˙ = −(1 + b− c)(2 + 2b− c)
(1 + b)(1 + b+ c)
H2. (3.17)
Integrating this equation gives the power-law solution
a(t) = a0(t− t0)α, α = (1 + b)(1 + b+ c)
(1 + b− c)(2 + 2b− c) . (3.18)
Note that for the phantom solution where the power index in (3.18) is negative, the
scale factor can be written more properly as
a(t) =
a0
(tc − t)|α| , (3.19)
which reflects the Big Rip singularity characteristic of the phantom power-law solu-
tions.
From the dynamical variables f and Γ defined in (2.10) and (2.20) evaluated at the
fixed point A5 one finds
f
Γ
∣∣∣
A5
=
4 + 4b− 2c
(1 + b+ c)(1 + b)
=
φ˙
Hφ
. (3.20)
Integrating this equation gives
φ = φ0(t− t0) 21+b−c . (3.21)
Taking into account the above solutions, the condition x → 0 at t → ∞ can be
accomplished in general as follows: taking into account that H ∝ t−1, h(φ) ∝ φb+1
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and φ ∝ tβ (β = 2
1+b−c) then, if β > 0, at large times we can write for x (see Eq.
(2.10))
x =
φ˙2
6H2F
∝ t
2t2(β−1)
t(b+1)β
=
t2β
t(b+1)β
(3.22)
where we used h(φ) ∝ φb+1. In order to satisfy the limit
lim
t→∞
x = 0,
the restrictions β > 0, b > 1 or β < 0, b < −1 must be fulfilled. This maintains
the consistency with the coordinate x = 0 for this critical point or, in other words,
conserves the solution in the invariant sub manifold x = 0. Note that for β > 0
(keeping b > 1), from (3.21) it follows that limt→∞ φ = ∞ and this imply, using the
expression for the variable Γ (using h(φ) = ξφb+1)
Γ =
F ′φ
F
=
−ξ(b+ 1)φb+1
κ−2 − ξφb+1 , (3.23)
that
lim
t→∞
Γ = b+ 1, (3.24)
in complete agreement with the Γ coordinate of the critical point A5, i. e. Γ
∣∣∣
A5
=
1 + b. In the case of β < 0 (c > 1 + b), we have the limit limt→∞ φ = 0 and in
order to keep the limit (3.24), the parameter b in (3.23) must satisfy the condition
b < −1 (see (3.22)). For negative β, both the scalar field and its time derivative
behave asymptotically as limt→∞ φ = limt→∞ φ˙ = 0 which imply (whenever b < −1),
for the x-coordinate of the critical point A5, that x = 0. The inequalities b < −1 and
c > 1 + b are consistent with the existence of quintessence solutions discussed at the
end of the point A5, and the restriction b > 1 is consistent with both, the existence
of quintessence and phantom solutions discussed at the end of the point A5.
A special attention deserves the de Sitter solution, which for the point A5 takes place
for c = 1 + b as follows from the expression (3.8). This means that H˙ = 0, giving
H = const = H0, a(t) = a0e
H0(t−t0) (3.25)
and from the relation f/Γ at the fixed point, and replacing c = 1 + b, one finds
φ˙
Hφ
=
1
1 + b
. (3.26)
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Integrating this equation gives
φ(t) = φ0e
H0
1+b
(t−t0) (3.27)
These expressions allow us to analyze the behavior of the coordinate x at the fixed
point
x
∣∣∣
A5
= lim
t→∞
φ˙2
6H2F
(3.28)
using the expressions (3.25) and (3.27) for H and φ we can see that the behavior of
x at large times is of the form
x ∝ e( 21+b−1)H0(t−t0), (3.29)
and we can deduce two possibilities for the scalar field:
1) If b > 1, then limt→∞ φ =∞ and limt→∞ x = 0, and
2) If b < −1, then limt→∞ φ = 0 and limt→∞ x = 0.
These behaviors do not affect the coordinate Γ of the critical point since the power
(b+1) cancels with the denominator in the exponential index of the expression (3.27)
for the scalar field (see (3.23)). The effective Newtonian coupling vanishes at t→∞,
independently of the value of b.
Concerning the point A6, the power-law behavior of the scale factor is given by
a(t) = a0(t− t0)β, β = 2 + b+ d
d− b , (3.30)
and the scalar field satisfies the equation
f
Γ
∣∣∣
A6
=
2
2 + b+ d
=
φ˙
Hφ
, (3.31)
giving
φ = φ0(t− t0) 2d−b . (3.32)
Applying the equation (3.28) to the point A6 one finds the behavior of x
x ∝ (t− t0)
4
d−b
κ−2 − ξφ(1+b)0 (t− t0)
2(1+b)
d−b
(3.33)
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and, assuming b+1
d−b > 0, then at large t it follows
x ∝ t 2(1−b)d−b
which lead to two possibilities for the scalar field:
1) If b > 1 and d > b, then limt→∞ φ =∞ and limt→∞ x = 0, and
2) If b < −1 and d < b, then limt→∞ φ = 0 and limt→∞ x = 0.
This is consistent with the corresponding limit (3.24) for the Γ-coordinate of the point
A6. The de Sitter solution for the point A6 is the same obtained for the point A5,
given by the Eqs. (3.25) and (3.27), with the same limits for the scalar field and the
x and Γ coordinates.
Let’ s turn to the case with exponential couplings and analyze the behavior at the
coordinates of the critical points. Evaluating  given in (3.6) at the fixed point B5
one finds from the last equation in (2.10)
H˙ = −(b− c)(2b− c)
b(b+ c)
(3.34)
leading to the solution for the scale factor
a = a0(t− t0)γ, γ = b(b+ c)
(b− c)(2b− c) (3.35)
In the phantom case (negative power) one can write a = a0(tc − t)−|γ|. From the
dynamical variables f and Γ (see (2.10) and (2.20)) evaluated at the fixed point B5
one finds
f
Γ
∣∣∣
B5
=
4b− 2c
(b+ c)b
=
φ˙
Hφ
. (3.36)
and after integration
φ = φ0(t− t0) 2b−c . (3.37)
These expressions allow us to analyze the behavior of the coordinate x at t→∞:
x ∝ (t)
4
b−c
κ−2 − ξebφ0(t)
2
b−c
, (3.38)
where we have used h(φ) = ξebφ, with the following limits:
1) If b < c, then limt→∞ φ = 0 and limt→∞ x = 0, and
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2) If b > c, then limt→∞ φ =∞ and limt→∞ x = 0.
Analyzing the Γ-coordinate we find two ways of getting consistent limits for the co-
ordinates of the critical point:
Γ
∣∣∣
B5
= lim
t→∞
( −ξbebφ
κ−2 − ξebφ
)
(3.39)
1) If b > c, then limt→∞ Γ = b, which is compatible with the restrictions discussed at
the end of the point B5 for the existence of stable quintessence or phantom solutions.
2) In the case b < c (limt→∞ φ = 0), the limit Γ→ b is valid in the approximation of
the strong coupling limit when ξ >> κ−2, and therefore the stable quintessence and
phantom solutions can be considered in this limit for b < c. In this limit the effective
Newtonian coupling becomes constant.
The de Sitter solution for the point B5 is obtained for b = c, and the values of the
corresponding coordinates at this point lead to the solutions as follows. The Hubble
parameter is constant and the scale factor is an exponential function as given by the
Eq. (3.25). The relation f/Γ at this point gives (see (3.26))
φ = φ0e
H0
b
(t−t0) (3.40)
which imply for the coordinate x
x ∝ e
2H0
b
(t−t0)
κ−2 − ξebφ0e
H0
b
(t−t0)
(3.41)
and at t→∞ we can deduce
1) If b > 0, then limt→∞ φ =∞ and limt→∞ x = 0, and
2) If b < 0, then limt→∞ φ = 0 and limt→∞ x = 0.
After replacing the scalar field (3.40) in the expression (3.39) for the Γ-coordinate,
one finds, for b > 0, limt→∞ Γ = b, and the effective Newtonian coupling vanishes
at this limit. In the case b < 0, at t→∞ we can consider the approximation of
the strong coupling limit where ξ >> κ−2, which leads to Γ → b, and the effective
Newtonian coupling becomes constant at this limit.
Proceeding in the same way with the fixed point B6 we find
a = a0(t− t0)
b+d
d−b , φ = φ0(t− t0) 2d−b (3.42)
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Analyzing the x-coordinate at large times it’s found
x ∝ t
4
d−b
κ−2 − ξebφ0t
2
d−b
(3.43)
with the following limits:
1) If b < d, then limt→∞ φ =∞ and limt→∞ x = 0, and
2) If b > d, then limt→∞ φ = 0 and limt→∞ x = 0.
This leaves for the Γ-coordinate, in the case b < d, limt→∞ Γ = b with vanishing effec-
tive Newtonian coupling, and in the case b > d (limt→∞ φ = 0), in the approximation
of the strong coupling limit we find Γ→ b, and the effective Newtonian coupling tends
to constant value. The scalar field for the de Sitter solution in B6 is the same as the
one obtained for the point B5 (3.40) and the coordinates of the fixed point have the
same asymptotic behavior with the same consequences for the effective Newtonian
coupling.
4 Discussion
The scalar-tensor models represent a good source for modeling the dark energy and
indeed, the explanation of the accelerated expansion of the Universe. In this regard,
it is important to ask about the relevancy of the scalar-tensor couplings, predicted
by fundamental theories, at current low-curvature universe.
In the present work we studied some aspects of the late-time cosmological dynamics
for the scalar-tensor model with non-minimal and Gauss-Bonnet couplings (see Eqs.
(2.1) and (2.4)). We considered the autonomous system and analyzed the critical
points for two types of couplings and potential: for power-law couplings h(φ) ∝ φb+1,
η(φ) ∝ φd+1 and potential V (φ) ∝ φc and for exponential couplings and potential
h(φ) ∝ ebφ, η(φ) =∝ edφ and V (φ) =∝ ecφ. The presence of the GB coupling gives
additional solutions with respect to the model of scalar field with non-minimal cou-
pling that has been already considered in [56], for power-law functions of the scalar
field for the non-minimal coupling and potential. In the case of power-law functions
of the scalar field for the couplings and potential, we have described nine critical
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points, two of which we highlight here, the points A5 and A6, since they contain
stable quintessence and phantom solutions besides the stable de Sitter solutions. The
critical point A5 becomes a de Sitter solution under the restriction c = b+1, and the
stability depends on the relation between b 6= 1 and d as discussed in the point A5.
Particularly the case b = 1, which gives the standard non-minimal coupling ξφ2, leads
to de Sitter solution with marginal stability since one of the eigenvalues is zero (the
others are negative), and the Higgs-like potential (V ∝ φ4) leads to stable de Sitter ex-
pansion. This point (dominated by the scalar field) can also describe stable solutions
with equation of state for the dark energy in the region around wDE = weff = −1,
with values above or below −1, corresponding to quintessence and phantom behavior
respectively. It is worth noting that the limit of the γ-coordinate (limt→∞ Γ = b+ 1)
is reached only at the large non-minimal coupling limit (φb+1 >> 1). This limit is
achieved for β > 0, b > 1 (in this case limt→∞ φ = ∞), or β < 0, b < −1 (in this
case limt→∞ φ = 0), and for both cases the effective Newtonian constant, defined as
F (φ)−1, vanishes at the critical point. The combined effect of the non-minimal and
GB couplings is reflected in the point A6 where the effective EoS depends on the
two parameters b and d, tough the stability involves the c-parameter of the potential.
For this point the de Sitter solution is reached when d = b, which is stable when-
ever c < b or saddle if c > b. Particularly the potentials: V = const, V ∝ φ2 and
V ∝ φ4 give stable de Sitter solutions. The case b = 1 leads to marginally stable
de Sitter solution with one zero-eigenvalue as in the point A5. This point also de-
scribes stable quintessence and phantom solutions as discussed in A6. In this point
the limt→∞ Γ = b + 1, is reached also at φ → 0 and φ → ∞, but at both limits the
effective Newtonian coupling vanishes. The point A7 contains an interesting scaling
solution for the radiation dominated universe, with the scalar field being subdomi-
nant. With wm = 1/3 this point is saddle and can be considered as a transient phase
of radiation dominated universe.
The exponential functions of the scalar field for the couplings and the potential, which
are typical of string-inspired gravity models, give rise to new critical points that con-
tain stable quintessence and phantom solutions, including also de Sitter solutions.
The critical point B5 contains a de Sitter solution for b = c, which is an attractor
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node for b > d and saddle for b < d. The consistency with the coordinates of the
fixed point in the case b > 0 leads to the vanishing of the effective Newtonian cou-
pling, while in the case b < 0 this effective coupling tends to a constant value at
t→∞. Similar behavior happens for the quintessence and phantom solutions, where
the effective Newtonian coupling vanishes for b > c at t→∞, and for b < c becomes
constant.
The point B6 reflects the combined effect of the non-minimal and GB couplings and
leads to stable de sitter, quintessence or phantom scenarios. For b = d the sys-
tem reaches a de Sitter fixed point, which is stable in the case b > c and saddle if
b < c. The coordinates of the de Sitter solution have exactly the same asymptotic
behavior with the same consequences for the effective Newtonian coupling that the
point B5. Analyzing the asymptotic behavior of the effective Newtonian coupling,
for quintessence and phantom scenarios, we found that it vanishes for b < d and
becomes constant for b > d. Additionally, the points B5 and B6 also give scaling
solutions with dominance of the scalar field, i.e. Ωφ is not subdominant, contrary to
what we would expect in early time radiation or matter dominated universe. The
point B7 describes the same scaling solution for the radiation dominated universe
that the point A7.
An important difference between the power-law and exponential models is that in
the last case the existence of quintessence, phantom or de Sitter solutions, allows
an asymptotic behavior where the effective Newtonian coupling becomes constant.
Another advantage of the exponential functions is that, given the fact that the pa-
rameters b, c and d take real values, we can adjust the EoS of the dark energy to
asymptotic values as close to −1 as required. For the power-law functions these pa-
rameters were restricted to take integer values. Additionally, in all the above solutions
the phantom scenario could be realized without introducing ghost degrees of freedom,
which is quite attractive for a viable model of dark energy. In the present analysis
we have shown that the effect of the non-minimal and GB couplings lead to very
interesting cosmological scenarios that can account for different accelerating regimes
of the universe.
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